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1. Introductory.—This paper is a development of two earlier papers,* which for
brevity I call “ Reduction” and ‘*‘ Fitting ” respectively. The papert immediately
preceding “ Fitting ” is referred to as ““ Factorial Moments.”

These earlier papers deal with two problems, which are closely connected and have
the same solution. For both of them, the data are a set of quantities wu,, u,, s, ... of
the same kind, which we regard as representing certain true values U,, U, U, ...,
with errors ey, e, €, ..., so that u,= U,+e¢, These errors may be independent or
may be correlated in any way. The first problem is based on the assumption (which
defines the class of cases we are dealing with) that the sequence of U’s is fairly
regular, so that differences after those of a certain order, which we will call 5, are
negligible. This being so, we may alter any w, or any linear compound of the u’s,
such as an interpolation-formula, by adding to it any linear compound of the neg-
ligible differences. (I use the term ‘‘linear compound” in preference to “linear
function,” since there is no consideration of functionality.) The problem is to find
the value of the resulting sum when, by suitable choice of the coefficients in the
added portion, the mean square of error of the sum is a minimum. This is the
problem of “reduction of error.” For the second problem it is assumed that U, is a
polynomial in # of degree j, and the problem is to find the coefficients in this poly-
nomial by the method of least squares. This is the problem of “ fitting.”

The practical solution of these problems for the general case, in which the errors
are correlated, 1s not easy. The particular case which is simple is that in which
the errors all have the same mean square, which by a suitable choice of unit is taken
to be 1, and the meéan products of error are all 0. (In the previous papers I have
called this system of errors the standard system ; in the present paper the set of u’s
which possesses this property is called a self-conjugate set.) In ““ Reduction” I gave
the solution for this particular case in terms of central differences, and in “ Fitting ”
I gave the solution in terms of advancing differences and of advancing and central
sums, formed in a particular way. I also gave expressions in terms of the u’s, but
these were rather complicated. It remained to obtain expressions for the mean
squares of error of the new values, in order to compare them with those of the old

* ¢« Reduction of Errors by means of Negligible Differences,” ¢Fifth International Congress of
Mathematicians,” Cambridge, 1912, ii., 348-384 ; “ Fitting of Polynomial by Method of Least Squares,”
¢ Proceedings of the London Mathematical Society,” 2nd series, xiii., 97-108.

T “Factorial Moments in terms of Sums or Differences,”  Proceedings of the London Mathematical
Society,” 2nd series, xiii., 81-96,
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REDUCTION OF ERROR BY LINEAR COMPOUNDING. 201

values. In doing this I found that the whole of the work could be very much
simplified by using certain general theorems, which applied not only to the special
case of the standard system but also to the general case, and even to a still more
general problem in which, in the one aspect, the reduction of error is effected by
means of quantities which are not necessarily a set of differences, or in which, in the
other aspect, U, is not necessarily a polynomial in » of degree j but is a linear com-
pound, with coefficients to be determined, of any j+1 functions of » ; and the present
paper is mainly concerned with these general theorems, so that to a certain extent it
supersedes the previous papers.

The abbreviations l.c., m.s.e., m.p.e., are used for linear compound, mean square of
error, mean product of errors. The mean square of error of 4 is denoted by (4 ; 4),
and the mean product of errors of 4 and B by (4 ;B) or (B; ). Other special
notations used in the paper are the same as in the three papers mentioned at the
beginning of this section, or are explained in §§ 3, 5 (iii.), 7, 17, and 20.

CONJUGATE SETS.

2. Congugate Set.—(1.) Let A, B, C, D, ... be a set of quantities, not necessarily all
of the same kind, containing coexistent errors which are either independent or
correlated in any way. For the purpose of the following investigations it is
convenient to consider, in connexion with these quantities, another set of quantities,
G, H, J, K, ..., equal to them in number and connected with them by the conditions
that (1) each quantity of the second set is a Le. of those of the first set, and (2) the
m.p.e. of corresponding members of the two sets is 1 and that of members which do
not correspond is 0. If we replace the quantities of the two sets by 4,, 4., 4,, ...,
and G,, G4, G, ..., we can express this latter condition by saying that m.p.e. of G,
and 4, =0 (s# ) or 1 (s = 7). The second set of quantities is said to be conjugate
to the first. '

(ii.) Let the member of the second set which corresponds to C of the first set
be J. To determine ./, let us write

J =aAd+bB+cC+dD+....

Then, denoting the m.p.e. of 4 and B by (4 ; B), condition (2) gives

(4;A)a+(4; B)b+(A4; O)e+(4 ; D)d+... =0,
(B; A)a+(B; B)b+(B; C)c+(B; D)d+... =0,
(C;4)a+(C; B)b+(C; O)e+(C; D) d+... =1,
(D; A)a+(D ; BYb+(D ; O)e+(D ; D)d+... =0,
&e.
2 F 2


http://rsta.royalsocietypublishing.org/

A A

A\

/ y

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

AL A

A \
1~

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

202 "~ DR. W. F. SHEPPARD ,ON
There are as many equations as there are coefficients a, b, ¢, d, ... ; and the values
of these are thus uniquely determined.

(iii.) The values of @, b, ¢, ... as found from the above equations have as their

denominator the determinant

06=| (4;4)(4;B)(4;C)(4;D)..
(B;4)(B:B)(B;0)(B;D)..
(C;4)(C;B)(C;O)(C;D)..
(D;4)(D;B)(D;C)(D;D). ..

There is therefore no conjugate set if this determinant is zero. The nature of the
relations which in this case hold between the errors is considered in Appendix L., § 3.

(iv.) Since the members of the conjugate set are l.cc. of those of the original set,
the converse also holds. Regrouping the equations which determine the coefficients,
it will be seen that the original set is conjugate to the conjugate set; ¢e., that the
two sets are conjugate to each other. The formulse for the members of the original
set in terms of those of the conjugate set are |

A=(4;A4)G+(4; BYH+(4; C)J+..., 1
B=(B;A4)G+(B ;B H+(B; C)J+..., )
C=(C;4)G+(C; BYH+(C; C)J+..., t

&e. J

These follow from the solution of the equations in (ii.), by the ordinary properties
of determinants; or they may be obtained more simply by determining the
coefficients of G, H, J, ... in each case from the second of the conditions stated
in (i.). .

(v). By means of these relations we can not only express any lc. of the quantities of
either set in terms of those of the other set, but we can also express any such Le. in terms
of particular quantities of one set and those of the conjugate set which correspond
to the remaining quantities. We can, for instance, express any lc. of ¢, H, J, K, ...
in terms of 4, B, J, K, ... by using the first two equations in (1) to determine
G and H in terms of A, B, J, K, .... The results involve a certain determinant in
the denominator ; it is shown in Appendix I, § 4, that this is not zero if © is not zero.

(vi.) Two special cases may be mentioned :—

(@) If the errors of 4, B, C, D, ... form a standard system, ¢.e., if the m.s.e. of
each of the quantities is 1 and the m.p.e. of each pair of quantities is 0, the conjugate
set is identical with the original set ; and conversely. A set which is identical with
the conjugate set will be called a self-conjugate set.
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~ (b) If the m.p.e. of each pair of quantities of the original set is 0, but the m.ss.e.
are not all 1, this is also the case for the conjugate set. The original set being
A4, B, C, ..., the quantities of the conjugate set are A/(4 ; 4), B/(B; B), C/(C; O), ... ;
and their m.ss.e. are 1/(4 ; 4), 1/(B; B), 1/(C; C), .... |

8. Relations between Original Set and Congugate Set.—For expressing a member
of either set in terms of the members of the other set, it is convenient to give them
a linear order. We therefore denote the members of the original set by dy, &), &y, ... &
and those of the conjugate set by oy, o1, o3, ... 0. Also we write

{:=mpeof S,and &=¢, . . . . . . . . (2)
7 = Mpee. of qande,=mp o « « . - . . . (8)
(i.) The condition of conjugacy is that (r=01,2..0;t=0,1,2,...17)
m.p.e. of &, and o, = 0 (r ¢ t) or 1 (r = t) L (4)
(11) The expression for 4, in tefms of the «’s is (¢f. § 2 (1V))

B Y G R X R (5)
[For, if we write ' '
‘ 0, = oo+ o+ Ao+ .. oy,
then (2) and (4) give

§r.t = m;p.e. Of 3t and aoo'o + (Iqo'l + cae + ala-l

= a.]
(iii.) Similarly the expression for o, in terms of the J's is
oy = ’70.t80+’71,t81+772.t32+‘”+’7l.t(¥l' N R (6)

(iv.) The relations between the {’s and the ;s are easily deduced from (5) and (6).
If we write '

Z = §0,0 §0,1 §0;2 ¢ . §0,l ’ . . . * . . M (7)
§1,0 :1,1 §1,2 A '§1,l
§2’ 0 f‘l. 1 §2, 2 ¢ §27 !
fl,o §l;1 §l,2 .. §l.l
Z,,=cofactor of {, ,inZ=2,,, . . . . . . . (8)
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H= M,0 M0,1 H0,2 » + » Moz |3 o e e e e e . (9)
M,0 M,1 M,2 - - ¢ My

N2,0 M2y Ma,2 + v - M2

Mo M Hye oo+ - M
H, , = cofactor of 4,,in H=H,,,. . . . . . . (10)
then
Mg =LpdZ, . . . . . . . . . . (11)
Co=HJH, . . . . ... ... (12
HZ=1 . . . . . . . . . . . . (138)

(v.) The assumption that there is a conjugate set implies (¢f. §2 (iii.)) that
Z is not =0. It follows from (18) that H is not =0. It also follows (see
Appendix I, §4 (b)) that none of the principal minors of Z or of H are = 0.

4. Two Related Pairs of Conjugate Sets.—(i.) Suppose that there is another set
of 1+1 quantities w,, %, W, ... %, connected with the &'s by the linear relations
(r=0,1,2,..10

w, = (1) S+ (1) S+ (1) &4+ (1) & . o o 0 L (14)

Then, by the condition of conjugacy of the &'s and the o’s,
(r) =m.pe of w,ande,. . . . . . . . . (15)

Let the set conjugate to wy, %y, Uy, ... u, be Yo, Y1, Y, ... 4. Then there are linear
relations between the #’s and the %’s and between the ¢’s and the &’s, and therefore also,
by (14), between the 3's and the o’s. To find the ¢’s in terms of the s, we write (15)

in the form
() = m.p.e. of oy, and u,;

and we see that (¢t =0, 1, 2, ... /)
oy = (Ot)?/o+ (lt)?/l"f‘(,Zt)?/g-l-...—i-(l,)yl. e e (16)
(ii.) Similarly, if the expression for the &'s in terms of the v’sis (s =0, 1, 2, ... 1)

_ S = {So} gt {8} s+ {ss}upt e+ {s}w,. . . . . . (17)
where, by (14),

(7o) {0} + () {1} +.oo () {l} = 0(r 2 2) or L(r=¢),. . . (18)
{8} (0,) + {8} (1) +...+ {s,} (L) =0(r#¢t) or 1(r=t),. . . (19)
{s} =mpe. of S,andy, . . . . . . . . (20)

v = {0} oo+ {1, o+ {2} ot eee+ {L} . . .. .. (21)

then
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(iii.) The above relations can be expressed diagrammatically, thus :—

Qo e e e
w
X
X
x...
]

x
dy X X X X iy
0 X X X X by
o X X X X S

The crosses represent the ( ) coefficients if they are the coefficients of the &s in
the s and of the y's in the o’s, and the { } coeflicients in the converse case.
(iv.) Similarly, if we write (r =0, 1,2,...1;t =0, 1,2, ... 1)

[7]=mpe of yoande, . . . . . . . . (22)

then ‘ ]
Yp =[] S+ [r] &+ [ro] S+ oo+ [0« .« . . . (23)
oy = [Ot] u0+ []'t:l u1+[2t] U/2+...-+ [lt:l Up « o« (24)

5. Sums as Conjugates of Differences.—The cases of importance are those in
which the &'s are successive differences of the u’s. It will be found that in these
cases the o’s are Lec. of successive sums of the 3/'s.

(1.) Let the &'s be the advancing differences of the s, 1.e.

8 = Uy, 6, = Auy, ... 8, = A"u, ...

Then the diagram for the ( ) coefficients is

Qo o . e
o3

0o o0 o0 1. &

d, 0o o0 1 3. g
4 | 0 1 2 3. &
d 11 1 1. &

Yo
%
Ys
Ys



http://rsta.royalsocietypublishing.org/

|
P

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

206 ‘ DR. W. F. SHEPPARD ON

so that
oy = Yot Y1 +YatYs+...+Y;,
o = %+ 2+ 3y + 4yt ... +Hly,,

os = Yo+ BYs+ 6y, + 105+ ...+ (I—1) y,,
and, generally,

op = Y+ (f+1, 1) yp1 + (42, 2) yppot ... + (0, 1=S)

q=1
N 9

or, in the notation of “/Fitting,” § 4, and “ Factorial Moments,”
o=y L. (26)

The o’s can be obtained by successive summations of the y’s in reverse order, z.e.
from y, to y,, as shown in the following diagram, in which the crosses represent
entries in a sum- or difference-table :—

0
0 Y Uy = 3,
0 X o
0 X Y Uy d,
0 X X X J;
0 X X Yi_a Uy x 3
X x x x X
0 . i
0 %,
x
)
X x x X X
o5 X X Ys Uy X X
oy X X X X
o3 X Y U1 X
[« X X
o Y Uy
Ty

(ii.) Let the &'s be the central differences of the u’s. Then it will be found in the
same way that ’
(@) If the w's are uy, Uy, Uy, ... Uy, s0 that

Oy =Uy, 6, = udUty, 8 = Sty 0 = udu,, ...y
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then . _
[Ty = ’_2_ I:/r, 2h/) yn_H,, . . . . . . . . (27)
Oop1 = E‘/ (’r, 2])/_1] yn_{_,. ; . . » . . . . (28)

r=-n

(b) If the u's are w,, 1, 2y, ... Us,_y, s0 that

— 3, —_
80 = plUy_y, ‘5\1 = 3“71—%’ 82 - r"“S Unp 3 83 = &

o T

then
Oop_1 = 2 . [7'_%‘, 2h_1) yn+,._1, . . » . . . . (29)
r=—n+
Top—2 = _iﬂ (""—%‘, 2h‘~2] Ypar_1e + Lo L. (30)

(iii.) The values given by (25)-(80) may be expressed in terms of successive sums

by the formule given in ““Factorial Moments.” The notation, however, can be
simplified. Suppose that we have a set of quantities ... |, F,, F,, ... corresponding
to values ... 0, 1, 2, ... of some variable, and that we form the table of successive

differences (and also, if we like, of successive sums) of the F’s. Then the Lagrangian
formula for Fy in terms of F,, F,.,,, ... F,,, which can be expressed in a good many
different ways, may be regarded as the formula for it in terms of the whole
- (unlimited) set of differences (and sums) which form a triangle with its apex.

at A’F,; and we can denote it by L {F,;A'F,}. With this notation, the above
results may be written v ' |

(25) o= (LAY Z 12 L (e
(27) 0'21»:[1;{#0'%“%;0'%3@} ;:9}:%_,9 e (32)
(28) ouer = [L{=o™y, 5oy, J 120, 0 0 0 L L L. (83)
(29)  ewa=[L{wey o T, L (34)
(30) ome = [L e s s o} 1200 0 L 0 L L L L (35)

The I is distributive as regards the first member inside the { }; e.g., in the case
of (81),

t=0

Acy+Boy = [L { AZ%,— B3y, ; Sy} =,

(iv.) More generally, suppose that the &'s are the successive differences of the u’s
“according to any system of differences; by which we mean that 4, is either a definite
difference of the u’s of order s (the w’s themselves being differences of order 0) or a

Le. of such differences. Then (7,) of (14) is a polynomial in » of degree ¢, and o, is
VOL. COXXL—A, - 2 ¢ '
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=1
of the form = ¢:(q) y,, where ¢,(q) is some polynomial in ¢ of degree ¢. It follows
0

q=
that any le. of &y, oy, 03, ... oy 1s also of this form.
(v.) If we denote the f™ moment of the ¢'s by M, then M, is of the form

q=m

2 ¢,(q¢)y, Hence o, isale. of My, My, M;, ... My; and M, is a Le. of oy, 04, 0y, ... 0
g=0

More generally, any le. of oy, oy, oo ... oy 18 a le. of My, My, M,, ... M,; and

conversely.

Repucrion oF ERrOR (GENERAL).

6. General Theorems.—Let A, B, C, ... P, @, R, ... be a set of quantities as in § 2,
but all of the same kind. If

w = ad+bB+cC+...(with or without terms in P, @, R, ...),

x=w+pP+qQ+rR+...,

where @, b, ¢, ... are fixed and p, ¢, 7, ... are arbitrary, and if we choose p, g, , ...
so as to make the m.s.e. of x a minimum, the resulting value of « is called the
improved value of w, using P, Q, R, ... as auxiliaries. The following are general
theorems ; some are quite elementary, but it is convenient to state them here. The
specially important theorems are (IIL) and (XIIL). The assumption mentioned
~under (VL) should be noted. If strict proofs of (I.) and (IL) are required, the
method should be that of Appendix 1., § 2. »

(L) The mp.e. of A and any l.c. of A, B, C, ... us the same l.c. of the m.pp.e. of
A and A, B, C, ... [i.e, mpe of 4 and ad+bB+cC+...is a(d ; 4)+b(4 ; B)+
e(d;0)+...].

(IL) The m.s.e. of any lc. of A, B, C, ..., or the m.p.e. of any two such l.cc., 1s
Sound by squaring the former or multiplying the latter and replacing squares and
products by the corresponding m.ss.e. and m.pp.e. [i.e., ms.e of ad+bB+cC+...
=a?(4; A)+2ab (4 ; B) +b*(B; B) +2ac(4 ; C)+2bc (B ; C)+¢*(C; O) +..., and
similarly for m.p.e. of 4 +bB+cC+... and @/ A+V B+ C+...).

(IIL) If the improved value of A, using certain auxiharies, is A-+a, then the
m.p.e. of A+a and each of the auxiliaries or o or any other l.c. of the auxiliaries 1s
zero. [Let the auxiliaries be P, @, R, ..., and let A+a = A+pP+qQ+rR+....
Then the ms.e of A+ (p+0)P+g@Q+rR+...(= A+a+6P) is (A+a; A+a)+
20(A+a; P)+6°(P; P). In order that this may be a minimum for 6 =0,
(4 +a ; P) must be zero. Similarly for (4+a; @), (A+a; R),.... This proves the
first part of the theorem ; the second then follows from (L.).] Hence

(IV.) If the improved values of A and of B, using wn each case the same set of
auxiliories, are A+o and B+B, the m.pp.e. of A+o and B+8, of A+a and B, and
of A and B+, are all equal ; and
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(V.) If the improved value of A, using certain auxiliaries, 1s A+a, and that of B,
using some only of these, is B+8, the m.p.e. of A+a and B+ ts equal to that of
A+a and B.

(VL) If the improved wvalue of A, using P, Q, R, ... as auxiliaries, s
A+pP+qQ+rR+..., the values of p, q, 1, ... are gwen by a set of linear relations
between p, q, 1, ... and the m.pp.e. of A and P, Q, R, .... [The equations are given
by (IIL.), viz., since (4 +pP+q@Q+7rR+...; P) = 0, &e.,

(A5 P)+p (P P)+q(Qs P)+r(R; P)+... =0,
(A4;N+p(P; Q) +q(Q; Q+7r(R; Q) +... =0,
(4; R)+p(P; R)+q(Q; R)+r(R; R)+... = 0,

&e.

It 1s assumed that the determinant

is not zero ; s.e. (see § 2 (iil.)) that there is a set conjugate to P, @, R, ... .]

(VIL) For any particular set of auxiliaries there is one and only one mproved
value of A. [This follows from the fact that the equations in (VL), on the
assumption there stated, have one and only one solution.] Hence we get the
converse of (ITI.) :—

(VIIL) If x s the sum of w and a l.c. of P, Q, R, ..., and if the m.p.e. of x and
each of P, Q, R, ... is zero, then x is the improved value of w, using P, Q, R, ... as
auxiliaries. As a particular case :—

(IX.) If the mp.e. of w and each of P, Q, R, ... is zero, the improved value of w,
using P, Q, R, ... as auxiliaries, is the same as the original value.

(X.) The vmproved value of P, using P, Q, R, ... as auxiliaries, is P—P = 0.
[This follows either from (VIIL) or from taking 4 = P in the equations in (VL).]
Hence

(XL) If wis a le. of A, B, C,...P, Q, R, ..., the improved value of w, using
P, Q, R, ... as auxiliaries, is the same as that of the quantity obtained by adding to
wany le. of P, Q, R, ...; and, conversely :—

(XIL) If the improved values of w and of W', using in each case the same set of
auxiliaries, are identical, then w and W' either are identical or differ by a Le. of the
auxiliares. :

(XIIL) If the vmproved values of A, B, C, ..., using in each case the same set of

26 2


http://rsta.royalsocietypublishing.org/

A A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

N
A \
I

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

210 DR. W. F. SHEPPARD ON

auxiliaries, are A+a, B+, C+7y, ..., the improved value of any l.c. of A, B, C, ...,
using these auxiliaries, 1s the same lc. of A+a, B+B8, C+y, .... [Let the Le. of
A, B, C, ... be w=ad+bB+cC+.... We want to prove that = = a(4d+a)+
b(B+B)+c(C+y)+... is its improved value. We can do this in either of two
ways :

(i.) By (IIL.), the m.p.e. of = and each of the auxiliaries P, @, R, ... is zero; and x
differs from w by a lec. of P, @, R, .... Hence, by (VIIL.), = is the improved value
of w, using P, Q, R, ... as auxiliaries. '

(ii.) A more direct proof follows from the linearity of the equations mentioned in
(VI.). Tt is not necessary to set out the proof here.]

(XIV.) If A, B,...C,D,...P, Q, ... R, S, ... fall into two classes A, B, ... P, Q, ...
and C, D, ..., R, S, ..., such that the m.p.e. of each member of the one class and
each member of the other class s zero, then the improved value of a l.c. of any of the
members, using P, Q, ... R, S, ... as auwxiliaries, is to be found by taking the two
classes separately, i.e., by using P, @), ... as auxiliaries for the termsin 4, B, ... P, Q, ...,
and R, S, ... as auxiliaries for the terms in C, D, ... R, S,.... [For the m.s.e. of
ad+bB+...+cC+dD+ ...+ pP+qQ+...4+rR+sS+... is the sum of those of
ad+bB+...4+pP+qQ+... and ¢cC+dD+...+rR+sS+..., since the m.p.e. of these
latter is zero; we cannot reduce the m.s.e. of the first of them by adding termsin
R, S, ..., or that of the second of them by adding terms in P, @, ... ; and the result
is therefore the same as if we considered them separately.]

(XV.) If the improved wvalue of w, using P, Q, R, ... as auxiliaries, 8
x =w+pP+terms m Q, R, ..., this 1s also the improved value of w+pP, using
Q, R, ... as auxiliaries. [For x differs from w+pP by terms in @, R, ..., and the
m.p.e. of z and each of @, R, ...1is zero.] This can be stated more generally as
follows :—

(XVL) If the improved value of A, using a set of auxiliaries S, is A+a, and ¢f
we divide S into two sets, S, and S,, and the corresponding parts of a are a, and a,,
then A +a 18 the improved value of A+a,, using S, as auxiliaries. [We may take
...P,Qtobe S, and R, ...to be S,. The theorem states that, if the improved value
of 4, using... P, Q, R,...,is A+ ... +pP+qQ+rR+ ..., this is also the improved
value of 4+ ... +pP+qQ, using R, ....]

(XVIL) The following corollaries of (IIL.) may be noticed, though we shall not
require them. If the improved values of 4 and of B, using in each case the same
set of auxiliaries, are 4+« and B+, then

(1) (Ad+a; A+a)=(4; 4A)—(a; «)
(2) (Ad+a; B+B)=(4; B)—(a; B).

and

7. Notation : and Particular Values.—(i.) It will now be convenient to adopt a
linear arrangement of the quantities we are dealing with, and we therefore replace
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A4, B,C,...P,Q, R, ...by 8,8, 0, ... 0.1, 40 ... . The order is quite arbitrary, so
far as any general theorems are concerned ; but it will usually be convenient to place
the auxiliaries last. If, for instance, we are using all but j+1 as auxiliaries, we
denote thosenot so used by 4, d;, &5, ... §;, and the auxiliaries by 6,,,, &;,5, ... &;; the
improved values are then denoted by ( )j.

(ii.) We use the following notation :—

(e); = improved value of d, using &'s after J; ;

E; = (g); = improved value of J;, using all subsequent &’s ;

(Ary); = m.p.e. of (¢); and (g,); ;

A=A

],])] = m.S.e. Of E,.

Where there is no doubt as to the &'s used as auxiliaries, (¢); and (A,,); can be
replaced by e, and A, .

(iii.) By (X.) of §6— |
() =0iff>7; . . . . . . . . . . . (36)

Ay =0iff>jorg>5. . . . . . . . . (37)
(iv.) By (IV.)—
(A\t4); = m.p.e. of (); and 4,

38
= m.p.e. of J, and (¢,); (38)

Aj=mpe of Bjand g . . . . . . .. . (39)

J

8. Improved Values vn terms of Conjugates—In “Fitting” I have given some
formulee for improved values in terms of sums. These may be regarded as derivable
from a general theorem relating to the expression of improved values in terms of
members of the conjugate set. The theorem is given by (XIX.) and (XX.) below ;
(XVIIL) is a particular case.

(i.) Take any one of the &'s as &, By (6)—

oo = 0,000+ m,001+ o0 00

Hence oyfy, , differs from &, by a Le. of the other §s. Also the m.p.e. of oyfn,, and
each of these other &s is zero. It follows from (VIIL) of §6 that aofm,0 18 the
improved value of 4, using the other &'s as auxiliaries. The m.s.e. of this improved
value is g of (0,0)* = 1/n0,0. Hence— '

(XVIIL) The improved value of any member of the oviginal set, taking all the
other members as auaxiliaries, is the product of the corresponding member of the
congugate set by a constant ; this constant being = the m.s.e. of the improved value.

(ii.) The first part of the more general theorem is :—

(XIX.) The improved value of any l.c. of a set of quantities, using those after the
Jirst j+1 as auailiaries, ©s a l.c. of the first j+ 1 of the conjugate set.
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For, if w is a lec. of &, &, &, ... 8, we can (see §2 (v.)) express it as a lec. of
Goy T1y Oy oev 0 01y Ojym -on 0 Let the result be (2)+(A), where () is a le.
of oy, o, 09, ... 03, and (A) is a Le. of 8,4, &;,5 ... 4, Then (Z) differs from w by a
lLe. of these latter &'s, and the m.p.e. of (£) and each of these &'s is 0; hence, by
(VIIT), (=) is the improved value of w, using these &'s as auxiliaries.

(i1i.) Further—

(XX.) The coefficients of the o's in the improved value of the lc. are the m.pp.e. of
thas improved value and the corresponding J's.

For, if the improved value of w is x, and we write

xr = ])00'0-{—[)10'1-{—‘[)20'2 + ... +bj0'j,

then, by the condition of conjugacy of the ¢’s and the J’s,
m.p.e. of  and J; = b,.

(iv.) This -would give us a solution of the problem of finding the improved value,
if we could find the m.pp.e. Ordinarily, w is or can be expressed in terms of the s,
and we do not find its improved value independently, but deduce it from those of the
&'s up to d.  The improved value of 4, is, by (iii),

(Gh)j:(Ao,zb)j0'0+(7\1,h)j0'1+-~~+(>\j,h)j0j§ Coe o (40)

and the m.pp.e. that we really require are therefore the values of (\,,). With
regard to this, see §9.

(v.) As the converse of (XIX.) it may be noted that—

(XXI1.) 4 quantity of the comjugate set, or & l.c. of such quantities, cannot be
wmproved by means of the non-corresponding quantities of the original set; e.g.,
a le. of oy and &, cannot be improved by using the s, other than J, and 4,, as
auxiliaries. This follows from (IX.) of §6, since the m.p.e. of §, and o, is 0
unless r = s.

(vi.) If, as in § 5, there are related conjugate sets of u’s and #’s, and the &'s are the
differences of the s, it follows from § 5 (v.) that (2) in (ii.) above is a lc. of the
moments of the y's up to the j. (XIX.) is therefore a generalisation of the
theorem, for a self-conjugate set, that the improved values are l.cc. of the moments ;
and, in fact, it explains the appearance of the moments in this connexion,

9. Mean Products of Error of Improved Values.—(1.) We have found, in § 8 (iv.),
that

(Eh)j = (Ao,h)j oo+ (7\1./;)1' oyt (>\j,h)j T

To obtain the X's, we introduce the condition that this shall differ from J, by a le.
of &'s after d.
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(ii.) Substituting for o), o, o, ... from (6), this condition gives
(N, h)j (10, 00 + 11, 001+ - . +1,00,)
+ (Ann); (o180 m 10+ +10))
+ (7\2,h)j (0, 500+ m, 1+ -+, 20)
+ .. A
+ (N ) (o, 100 +m, 00+ oo 1,18 |

= J,+ terms in .y, J;,4, ... O
Equating the coefficients of 8, &, &, ... J;, we find that (f =0, 1, 2, ... 5)
’7ﬁ0(>\0,h)j+’7f,l (7\1.h)j+~-+’7f.j (kj.h)j =0(f#h)or 1(f=h).. . . (41)

Let us write

H_] E }70,0 770’1 7]0'3 « e . nO.j 5 . . . . . . . (42)
M0 M,1 M,2 « -+ M,j
o0 M2,1 Ma,2 - - - M2
B0 Wi ’7j,‘2 o0 M
H, ,; = cofactor of n,, in H; =H, ., . . . . . . (43)
Then _
nf.OHO,k,j+’7f.lHl,h,j+"'.{-—nf.jHj,h.j = 0 (f# h) or HJ (f= h); . . . (44)
and therefore, by (41),
()\g,h)j = Hg.h.j/Hj’ . . . . . . . . . (45)

Substituting in (40), we obtain (¢,); in terms of the o’s.
For the particular case of g =% =g, (\,,); becomes A;, and H,, ; becomes H,_,;

so that
Aj=Hj_1/Hj. Ce e e e (46)

(ii.) As an example, suppose that we have several independent observations, of
unequal accuracy, of a single quantity U, and that we wish to obtain a suitably
weighted mean, which may be regarded as the improved value of any one of the
observations. Let the observed values.be wu, %, U, ..., and their m.ss.e.
al, al, ol ...; the m.pp.e. being 0, since the observations are independent. We
take J, to be one of the u’s, and 4, d,, ... to be its successive differences. Then 5 = 0,
since the true values of the first and later differences are all 0. Hence, by §8 (i),
the improved value is o/(m.s.e. of o). But, by §5 (i.), o, = Zy; and, by §2 (vi.) (b),
¥, = ufa?, so that m.se. of o, = Z1fa’. Hence the improved value is

> (ufa?)[Z (1]a?).
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(iv.) When j is relatively large, the solution given in (ii.) above can only be
regarded as a formal one, since it involves calculation of determinants. I have not
been able to provide a general solution which shall avoid determinants; but it will
be seen in §§ 17-19 that, if we can find the values of certain quantities occurring in
the formule, we can deduce the \'s and thence the coefficients of the o’s. These
latter are important as giving us formule which contain only a few terms and are
therefore suited for numerical calculation. ‘

10. Expressions wn terms of a Related Set.—Suppose that there is another set of
l+1 quantities u,, %, U, ... u, connected with the J's by linear relations; and let the
set conjugate to the w's be y,, v, Yoy - y.  We shall take the relations between the
u’s and the &’s and between the 3's and the &'s to be, as in §4, (r =0, 1, 2, ... {)

Uy = (1) &+ (71) i+ (1) ot e+ (1) S, - . o . . . (47)
Y, = [ro] S+ ]+ [r] S+ + ] . o . . . . (48)

(i.) Let the improved value of w,, using &'s after d;, be v, Then, from (47), by
(XTIIL), remembering that, by (36),

() = 0if f>,
v, = (1) (60)]' + () (el)j +ot (1) (Gz)j R 1))

=) (@) + () (@) +eet () () -+« o . . . (494)

we have

Thus the v’s are related to the ¢’s in the same way that the s are related to
the &'s. ’
(ii.) Similarly, if the improved value of y,, using &'s after J;, is z,, we have

7 =[r) (&) + [l (&) +oco+ [ml(e); - - -« . . . (50)
= [r](e); + ] (a); + oo+ 7] ()5 - . . . .(5QA)

and the 2’s are related to the ¢'s in the same way that the #’s are related to the J's.

(i1i.) Let w be any Le. of the &'s or of the u's or #’s, and let a be its improved
value, using &'s after d, Suppose that x is expressed in terms of the #'s, the
coefficients being p,, pi, P, ... i, S0 that

T = PYot+Pith+PYot . tPY; - o - - o (51)
and let

A, = m.p.e. of = and (c,);,
so that
A, =0if g > J.

Then, by the condition of conjugacy of the u's and the y/'s,

m.pe of xand u,=p,. . . . . . . . . . (52)
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Hence, by (IV.) and (49) or (494),
p, = m.p.e. of x and v,
= (ro) N+ ()N () Nt oo H ()N, o o o (53)
= () N+ (F) N +H(r) X+ H ()N o oL (534)

Thus the p's are related to the N's in the same way that the v’s are related to the ¢s,

or the u’s to the d's.
(iv.) Similarly, if

o T = Qolly+ QU + QU+ ... +q7Uy,

the ¢’s are related to the X's in the same way that the 2's are related to the ¢'s, or the

y's to the &'s.

11. Special Case of Differences.—The important practical case is that in which the
&'s are successive differences of the w’s, in the general sense explained in §5 (iv.). If
the differences of order exceeding j are negligible, we can use them as auxiliaries for
improving the u’s or the d’s or any Le. of the u’s or the {’s.

(i.) Since the &'s are successive differences of the u’s, (1) is (§5 (iv.)) a polynomial
in r of degree ¢.

(11.) By §10 (i.) the ¢'s are the differences of the v’s according to the same system ;
and v, is a polynomial of degree 7 in #, the differences of the v’s of order exceeding 7
being zero.

(iii.) With the notation of §10 (iii.), the X's are the differences of the p’s according
to the same system; and p, i1s a polynomial of degree j in 7, the differences of the
p’s of order-exceeding j being zero.

(iv.) If we form the differences of the w’s in the usual way, there will be 7 differences
of order 1, /—1 of order 2, and soon. The /—j +1 of order j, namely Afu,, A, ... Au,_;,
will differ from one another by l.cc. of the differences of higher order ; and therefore,
by (XL.), they will have the same improved value. If we denote this by E, then,
if w = pAu,+qAu, +rAu,+ ..., the improved value of w is (p+g+7+...) E.

Revarion or “ Repucrion or Error” 10 “ Frrrming” (or A PoryNomiaL).

12. Standard System.-—In the case of a standard system, the process of reduction
of error and the process of fitting a polynomial (by least squares or by moments) give
the same result. The following is a proof of this, not involving the properties of

conjugate sets. The observed values are taken to be u,, w1, u,, ... 4, ; and = denotes
. 11

summation for ¢ = 0, 1, 2, ... 1.
(i.) If the polynomial which we are fitting to the u’s is

v V= Gyt g o+ .oy, . . . . . . . (54)
VOL. CCXXI.—A, 2 H
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the values of the a’s when we fit by least squares are given (“ Fitting,” §§1, 2) by the
equations (=0, 1, 2, ... 7) '

S ay+Z¢ ok L+ 2, =2, = M. . . L (55)
q q q q

These are the same equations that are given by the method of moments.

(ii.) The above equation (55) is a statement that the /™ moment of the v’s is equal
to that of the w’s. In order to prove that the process of reduction of error, using
differences of order exceeding 7 as auxiliaries, gives the same result, it is sufficient to
show (a) that the improved value of u, as given by this process is of the form of v,
in (54), and (B) that the f™ moment of the improved values of the u’s is equal to
that of the original values for =0, 1, 2, ... ).

(ii.) We have shown, in §11 (il.), that the improved value of u, is a polynomial of
degree j in gq. This establishes (a). ‘

(iv.) By (XIIL), the f* moment of the improved values of the u’s is equal to the
improved value of their f*® moment. In order to show that this is equal to the
original value of the f* moment, it is sufficient, by (IX.), to-show that the m.p.e. of
the original £ moment and every difference of order exceeding j is zero.

(v.) Let the k* difference of u,_; be

8, = kgu,—kytty 4 ... +(—=Yhosttyse
Then the f* moment is
e Py (r =10ty (r=2) 2ty .
and the m.p.e. of this and Jy, 18
kg =k (r=1) 4+ ky (r—2)"— ...

But this is the & difference of (r—£%)/, and is = 0 if k> f.

This proves the proposition.

18. Fitting by Least Squares—Next suppose that the set is not self-conjugate.
If the &'s were the differences of a set of u’s, we should fit a polynomial of degree
(say) j to the w’s. This suggests that, in the more general case, the w’s being
connected with the &'s, as in § 10, by the relation (» = 0, 1, 2, ... 1)

uy = (1) S+ () S+ (r) S+ ee ()& . . . . . . (56)
we should try to fit an expression of the form
v, = (1) e+ (1) &1+ (72) €2+--;+(”'j) . B (57)

to the w's by an appropriate method of least squares ; the (r)'s being the same as in
(56), and the ¢'s being the quantities to be determined.
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(1.) If the ¢'s are conjugate to the u’s, and if
Y =mpe of yyandy, =, . . . . . . . (58)

then (see Appendix II.) the direct (or a prior:) probability of the occurrence of the
given set of «’s, if the v's as given by (57) were the true U’s, is proportional to

exp { =122, , (u,—w,) (u,—v,)},

where 2 denotes summation for ¢ = 0,1, 2, ... I. The principle of the method of least

t N
squares therefore leads us* to choose the ¢'s so as to make

Zzwr 3 (ur - ’U,.) (us - vs)

aminimum. Differentiating with regard to each of the ¢'s, this gives (f = 0,1,2,...7)
82{(Of) ‘7&0.:+<1f) 3”1,s+"'+(lf) l/jl.s} (vs'—us) = 0. e (59)
‘But, by (58) and (16),

(0y) Ebo,s"‘(lf) VYi,sF oo+ (0) Y, = mup.e. of g, and (0 o+ (L) +...+(p) ,
=mpe of yoando. . . . . . . . . (60)

Denoting this, as in § 4 (iv.), by [s,], the equations (59) become (f = 0, 1,2, ... )

?[sf](vs—us)-:o. Co . ... (1)

(ii.) Instead of fitting an expression of the form given by (57 ) to the u’s we might
fit a corresponding expression to the y’s. Since

¥ =[] S+ [s] & +[sa] .o +s]d, . . . . . . (62)
the expression to be fitted would be of the form

a=[s]e+ls]a+lslat 8] . . . . . . . (63)

* Strictly, we ought to choose the €’s so as to make B. Cexp - 4P a maximum: where
P=22Y, s (uy - vp) (w5 — 5)

B is the direct probability of occurrence of the particular ¢'s denoted by €, €, €, ... €j, and is therefore
some function of these latter; and C'exp—}P is the direct probability of occurrence of the particular
values of u - on the assumption that these values of the ¢s are the correct ones, C being some function
of these €s. But I have assumed, as is commonly done, that the range of practically possible values of the
¢s is so small that B and ¢’ may be treated as constants, so that we have only to consider the maximum
value of exp — 1 P.

2 H 2
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‘We should have to choose the ¢'s so as to make

E,gzﬂ.r, s (yr—zr) (ys.—zS)

a minimum, where
7, ,=mpe of w,andu,. . . . . . . . . (64)

This would give
§(rf)(z,—y,)=o. Y (1)

(iii.) The ¢'s given by (65) are the same as are given by (61). For we have seen in

§ 4 that
(r) =mpe ofu,ando,, . . . . . . . . (66)

[s)] =m.pe of yand e, . . . . . . . . (67)

If we express the «’s in terms of the s, and write

2z [Sf] Us = EAtSta
s t

then, by the condition of conjugacy of the ¢’s and the &'s, and by (66),

A, = m.p.e. of o, and =[] v,
= =[] (s).

This is symmetrical, and we should get the same expression for the coefficient of 4,
in Z(7) y,, so that

%[sf]us=§(rf)yr. N (:)

Similarly, if we substitute the values of v, from (57) and of z, from (63) in =[s/]v,
and in 2 (r)z, the coeflicients of ¢ in the resulting expressions are equal. Hence

(61) and (65) are identical equations in the ¢’s.
(iv.) The values of the ¢'s as given by these equations are in fact independent of
the u’s or the 3’s. For the value of A, as found in (iii.) above is

2[s/ (s;) = m.p.e. of Z[s7]u, and = (s,) ¥,

=mpe of cpande, . . . . . . . . . (69)

by (24) and (16). Hence, denoting the m.p.e. of o; and o, as in §3, byv 77 the €'s
given by (61) or (65) are the same as would be given by (f =0, 1,2, ...5)

t=1

=j
?Onf’tet = t§0nf’t8t. . . . . . . . . . (70)

t
t
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2

(v.) The ordinary method of least squares would consist of making ¥ (v,—u,) a

minimum, and would lead to equations
= (sy) (v,—u,) = 0,

which would not give the most probable values of the ¢'s."

14. Fitting by Moments.—(i.) The ordinary method of moments, adapted to the
case in which the &'s are not necessarily the successive differences of the u’s, would
consist in equating the values of X (s;) v, and X (s;)u, This, as will be seen from

§13 (v.), would not give the most probable values of the ¢s.
(i.) In order to obtain the most probable values of the ¢'s by equating moments of
the v’s and of the u’s, we must write (say)

M, =2[s;m, . . . . . . . . . . (71)

and define the /™ moment of the w's as being M; or a definite lc. of M, M,_,,
M; 5, ... M, But the coefficient of u, in M, would then not be given definitely by
the relations between the w’s and the d's, but would depend also on the law of
correlation of errors of the u's. We see, however, from § 13 (iii.), that we have also

ZlL:Zr(rf)yr, N (43

and that we get the same result by equating moments, defined in this way, of the ¥'s
and the zs. In the ordinary case in which the &'s are successive differences of the
u’s, the coefficients of the y’s in (72) are binomial coefficients, and the ordinary
moments fall within the definition given above. It follows that n fitting o
polynomial to a set of quantities (not being a self-conjugate set) by the method of
moments, the moments which ought to be equated are not those of the quantities
themselves and thevr assumed values, but those of the conjugate set of the former and
the corresponding l.cc. of the latter.

15. Reduction of Error.—If we improve the &s or the «’s by means of the s
after J;, the improved values of these latter are zero, and those of the &'s up to J; are
obtainable from (XXTI.) of §8, which states that the improved values of the o’s from
o, to o; are equal to the original values. Using (6), this gives (/= 0, 1, 2, ... )

t

it

J

J t=1 . .
Onf,t(et)j=t§0nf't3t.. B (£:))

t

Comparing this with (70), we see that the ¢'s given by this process are the same as
those given by the process of fitting the expression in (57).
16. Difference of the Two Processes.—Although the two processes lead to the
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same result, they are essentially different. This is explained in § 22 of “ Reduction.”
The main difference may be expressed as follows :— '

(i.) In “fitting” we deal directly with the particular case. We assume that the
true values follow a specified law, involving unknown constants, and we deduce
values for these constants from the data by the principle of inverse probability.

(ii.) In ““reduction of error” we do not use inverse probability, and we only deal
incidentally with the particular case. We regard the aggregate of the data as one of
an indefinitely great number of possible aggregates from the same true values, and
we use a method which will reduce as much as possible the m.s.e. of these possible
aggregates.

SoME STEPS IN THE (GGENERAI SOLUTION.

17. Preliminary.—(1.) Our object is to find the improved value of any lec. of the
&s or the u's, and the m.s.e. of this improved value or the m.p.e. of two improved
values. Ordinarily, as already stated in § 8 (iv.), the quantity to be improved would
be expressible in terms of the &’s, so that we need consider only the improved values
of the &'s, s.e., the €s. There are then four problems before us, viz.: (1) expression
of the ¢s in terms of the &s; (2) expression in terms of the o’s; (8) expression in
terms of the y's; (4) determination of the X’s. For practical purposes (2) is more
important than (1) or (3), since there will be fewer coefficients involved.

(i.) Although it does not seem possible to obtain a general solution, otherwise
than by determinants, there are some general propositions that indicate stages in the
solution. If, without necessarily finding the complete expressions of the ¢'s in terms
of the &'s, we can find for each e the coefficient of the first of the auxiliaries, then it
will be seen from § 18 that we can find all the ¢'s if we know the E’s, and from
§ 19 (i.) that we can find all the \'s if we know the A’s. It follows from (40) that in
this latter case we can at once obtain the ¢'s in terms of the o’s.

(ili.) We use the notation of §7, and we also write

—0,; = coefficient of §; (as auxiliary) in (e);_y,

so that
O, =01 f>5, . . . . . . . . . . (74)
0],] = ].. . . . . . . . . . . . . (75)

It should be observed that 6; is not equal to ;. The #'s may be known directly,
or, as is shown in (83), we may be able to obtain them from certain of the X’s.
18. Formula of Progression.—The quantities which we want to find are the
improved values
of &, using &), &, s, ...,
of & and &, using &y, s, dy, ...,
of &, &, and ¢, using &, dy, J5, ...,
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and so on. There i1s a formula connecting these, which makes it unnecessary to deal
with more than the first quantity in each row; or, if we deal with them all, the
formula can be used for checking the results. (An example is given at the end of
§ 15 of “ Reduction.”) -
We have
(€)1 = 0p—0y,;0;+ terms in &y, 0, ...

By (XV.), this is the improved value of &—0, ), using &'s after &;; and therefore,
by (XIIL.),
(Gf)j—l = (Ef)]"ef‘] (6])1 = (ef)]—ef:]EJ' . . . . . . . (76)

Re-arranging, and replacing 7. by 5—1, !7'.——2, ... f+1, and remembering that, by (75),
6, = 1, we have '

("-‘f)j "'(Gf)j~1 = 9f.j EJ"
; ()1 = (erdse = 05085,

(Gf)f+1“(€f)f = 6f-f+1Ef+1’
(ff)f = O Ef'
Hence, by addition,

(ef)j = Gf,fEf'I‘ 6f.f+1Ef+1 + 0ﬁf+2Ef+2+ eee b Gf,]E] . . . . (77)
19. Mean Products of Error (Alternative Formula).—(i.) By (77) and (38), |

(Ary); = m.p.e. of &, and (e);
= m..p.e. Of 39, and Gf,fEf+ Gf‘f_,_lEf“ + . +6f,]E

= 07, /Ny, )+ Op 1 (g i )psn + woe +6075(0,.);
= EOf. t (>\g, t)t'

The summation has to be made from ¢ = ftot =y. But, if g>f, we see from (37)
that it is sufficient to make the summation from ¢ =g¢. Hence, using “¢t =f, g” to
denote summation from ¢=jf or from ¢ = g, according as f or g is the greater,
we have

b=
Ngi= 2 60 - - - o . ... (78)

t=fg
But, by putting ¢ =7 in (78) (or taking the m.p.e. of ; and each member of (76))
and then replacing f and 5 by ¢ and ¢,
Nt =60,:0 . . . . . . . . . . (79)
Hence, substituting in (78),
(Af'g)j = 2 . Gf’teg,tAt. . * . ? v + ’ . . (80)
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If we can obtain the &’s and the A’s in a simple form, we thus have a workable
formula for calculating the \’s, and thence, by (40), for determining the ¢’s in terms
of the o’s.

(ii.) From (80), using (IL.) of §6, we get the m.ss.e. and m.pp.e. of the improved
values of any Lce. of the &'s. Let v

w = by + 0,0, + ... +b,9, w = e, +e,0,F ...+ ¢,

and let the improved values of w and ', using &'s after d;, be  and «’. Then
-
m.p.e. of z and @’ = 27(6090,t+6161,t+ o) (b s ey L) A
t=0

t=j
= t?;o (boeo, i+0.0, 4 ...+ b0, b) (Coeo,ﬁ" (TS SN AN t) A, (8 1)

t=j .
]]].S.e. Of x = 2 (boeoy t "’r‘ blely & "“’" “es ""!"’ btet' t)BA_t. . . . . . (82)
t=0

(ii.) We have assumed that the 6’s are known. If they are not known directly
but the values of (\,); are known, then, by (79),

0= (\pdfAe - . . . . . . . . . (83)
Substituting in (80),
O o YL (Y
Also (77) is re?laced by “
(ef)j{%j(x,,,)t}_«z,/m.. )

APPLICATION TO SELF-CONJUGATE SET.

20. Preliminary.—(i.) We have now to apply the preceding results to the case in
which the us are a self-conjugate set, so that (u,; u,) = 0 (r#s), (v,; u,) =1, ¥, = U,
We take the &'s to be successive differences of the u’s, commencing with a difference
of order 0. The &'s to be used as auxiliaries will be those following §;; the ( )
will usually be omitted. We shall take the number of u’s or of &'s to be m, so that
m = [+1. :

(ii.) There will be three cases to be considered ; advancing differences, and central
differences for m odd and for m even. For advancing differences the «’s will be
taken to be 1w, %y, ...%, ;. For central differences we shall write m = 2n+1 or
m = 2n ; and the w's will be u_,, u_, 4, ... %, and u_,,1, %_,,s, ... U, respectively. We
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shall require the following m.pp.e., which can be obtained from ordinary difference

formulee.
m.p.e of Aw, and A%, =(=)(f+9,f), . . . . . . . . (86)
. Py, Sy = (=)0 (2f+29, f+9), . . . . . .. (87)
L Sy, wd Ty, =0, . . . L ... (88)

5 Mng—luo 55 Mszg_luo = (_)f'9(2f+ 29—2>f+g-1)/(2f+ 29)’ . (89)

oo Ty Ty = (=) (94292, f+g—1), . . . . (90)
. yf‘]ué v ,;_329"2'u,%=0, e e e e (91)
o w8 w8y = (=)0 (2 129 -4, frg—2)/(2f+29-2). (92)

(iii.) For advancing differences we shall have
o = Ay, e = Ay,

The formulee will be marked (A).

(iv.) For central differences the two cases of m odd and m even must be considered
- separately ; but it will be found that, when the formule relating to v, &%, ...
(m odd) and to dvy, &y, ... (m even) are properly expressed, they are practically
identical in form, as also are those relating to wdv, wd,... (m odd) and to
uvy, w8y, ... (m even); and the latter correspond to the former with certain inter-
changes of ( Jand [ ). We therefore, for udv, udv,, ... and mvy, mdvy, ..., replace
6, E, A, \, by ¢, I, M, u, with the appropriate suffixes.

(v.) Form = 2n+1 it will be seen from (88), taken with (XIV.) of §6, that the
differences of even and of odd order can be treated independently. The &'s will be
Upy 0y, ... 8™y In the one case and wduy, ud, ... wd™ 4, in the other. We shall
denote these by 8y, d;, ... d,, and &, &, ... §,,_; respectively, and shall take J to be
2k-or 2k+1 for the former and 2k—1 or 2k for the latter. The subscripts of the 6's
and the ¢’s will 'be modified accordingly ; 7.e., 6, 5 will mean the coefficient of —d,, in
(ezf)ar_s» and similarly for ¢, ;5 ;. The formule for the two cases will be marked
(B) and (C) respectively. o

(vi.) Similarly for m = 2n we see from (91) that differences of odd and of even
order can be treated separately. The &'s are 8, d,,...d,,_, in the one case, and
S0, 83, ++- Jga_ In the other, where &, , = 0%/~ 3,, , = ud-%; ; and J is taken to be
2k—1 or 2k for the former and 2k—2 or 2k—1 for the latter. Also 6371, 2, Means
the coefficient of —dy,_; in (ez_1)y_s ; and similarly for Pos_sm_s Lhe formule will be
marked (D) and (E).

VOL. CCXXI.—A, ‘ 21
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(vii.) Writing

Flo,8,...;p,%,...} =1 +°-°~’8 pofletl). B(B+1)... o,
{e P pbe plp+1) Y lP+1)...
where « is a negative integer, it should be noted that
Flon ;1 p}=lr=Bnl C . (93)

[, 7]

o= —n, Y+tx=—n+B+y+1,

and that, if

then*

—n . __[‘ﬁ B, %][X -8, 77’—' [‘p— ,%—I[ — ’n]
Flombyi b b =S manenl ~ Doalbon - 0 O

(viii.) For the central-difference formule it will be convenient to write, if » and s
are both even or both odd and s > 7,

s, w}_()(“f 31$’]73+%T), . (95)

, b = (L) (s+7,7) . '
{r,s} =& G (96)

so that, if £ > f,

(2h+1, 2f+1} = Uﬁ“%’“jé’“f) VJF%”“E%";”JCH) . .(97)
(9%, 2f) = [f+;2}?§k S) _Lf+3 k- 12]}70 Lf=1 (98)

and, 1f &k <s, ) o ‘ ,
(b1, 2541} = LStR KL [std kLl oo g

T (2k+2) (s, k) (2s+1)(s, k)’

. s+, k

{2k, 2s} = (2}“12)(8’]]0—). C o (100)

(ix.) The successive steps are as follows. The formule for the s (the improved
values of the differences) in terms of the differences have already been found in
“ Reduction ” and “Fitting”; they depend on certain theorems as-to the coefficients
when lcc. of moments or sums are expressed in terms of differences. From these
formulze we get the @'s, and also the E's; and thence we get, in each case, the
progression formula supplied by (77). This formula is not really necessary, but it is
useful for checking. The A’s, i.e. the m.ss.e. of the E’s, are found from (86)-(92),
using (IV.) of §6; this results in certain hypergeometric series, to which we apply
(93) and (94). We then get expressions for the \’s, by (80). From these, by (40), we

* ¢Proceedings of the London Mathematical Society,” 2nd series, x., 474,
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have the values of the ¢'s in terms of the s ; and also, by § 10 (iii.), the values in
terms of the u’s (which are identical with the 3’s). This completes the investigation
of the improved values; but we also want to see the extent of the improvement. A
further section therefore gives the ratio of the m.s.e. of the improved value to the
m.s.e. of the original value, in a form convenient for calculation.

(x.) The m.p.e. of Afu, and Afu,,,is (=) (2f, f+t). Hence, in finding the general
solution of our problem for the case of a self-conjugate set, we are also finding it for
the case of a set in which the m.p.e. of u, and u, is of the form (=) (2f, f+s—7), f
being some positive integer ; for we can treat these «'s as the f™ differences of
members of a self-conjugate set.

21. Improved Values.—-(i.) Adapting § 11 (iii.) to the case in which the #'s are
identical with the u’s, we see that, if w is any lec. of the s, its improved value,
using differences of order exceeding j, is of the form Zp,u,, where p, is a polynomial
of degree 7 in ». The improved values of the u’s and their differences are obtained
from this by means of certain formulese, given in §§ 6 and 7 (iv.) of “ Factorial
Moments,” for the expression of Zp.u, in terms of differences. The results are given
in (12), (18), (19), (26), and (25) of “ Fitting.” From the first of these, replacing
m+1 by m, we have (f=0, 1, 2, ...5)

_s:m—l Y Y (.+f+1u.)( ’84—1 8, o .
(A) Afvo—sa(s,f)(j——s,j—f)(j.+8+1,;.)(z’f+1;Auo, .o o« . (101)

and from the other four, altering & to k—1 in the last, we have (f=0,1,2, ...k in
(102) and 1, 2, ... & in (108)~(105))

v, 3 o (2E+SfH 1, 28) [ntd 25 +1)
(B). 3’1)0 sEO(70+$, k+f)(k—s, k—f) (2425 £ 1. 2%) [t h 2f+1)3 u, . (102)

. s§=n 1
— e ST s=k2f+2 {2k+1, 2f+1} [Im, 25 +1)
vt (=) i s—f 2k+2 {2k+1, 2s+1} [$m, 2f+1)3 Uy, . (1024)

ooy, S e 1 (221, 2k—1) (n+}, 28] g
(C) wo¥ 1y, = (k+s—1, k+f 1) (k—s, k& f) (2k+25—1, 2k—1) (n+3, 2] wo® "y,
; (108)
= ud¥ Yyt (= )f sin s—k2f+1 {2k, 2f} (3m, 2s] pd* "y, .. (1034)

s=ke1 S—f 2k+11{2k, 25} (4m, 2f]

(D) #9720, = 'S (a1, kerf=1) (b, o) R L 20l [ 2L gy

_ (104)
= §¥-1 _\i—f ST s—k 2f+1 {2](1, 2f} [—%—m, 28) 251
wt (=) kT {ok o5t [hm ) - - - (1044)
212 '
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(B) w20, = = (k+s—2, brf—2) (b—s, b—F) g’z: Z{ - 2 ;’2:3 EZ g}: H wd =2,

‘ (105)
= () B e e
(i.) From (i.) we obtain | - (1054)
(A) | ef,j=(—)f—fu;f)<{;;{;.{"‘1§)§;”;§‘;3,’ .. (106)
(B) egf,gkz(—,-)’“f{{zzlzzg %ﬂmz ;;iﬁ; N ¢ 1170
(©) byonns = (=) 12 Z{Zﬂ;ﬁ gf}] L. (08)
(D) egf__l_g,c_1=(_)k—fg§:t Z{:H%ﬁ 3";)) .. (109)
® by = (I e ey - - o)
(iii.) Also, by putting f =7 in (101) and £ = % in (102)~(105),
(A) E = o, =j>:;1(s 7) (](24{:4-11’7()7)% ;iigAm"’, ... (111)
B me e o SELE
(©) 12,,_1=,L32k—1«)0‘=z:zz gz Zf}}, @7’; ggﬂszs—luo, N C ST
(D) By = 0%y =sz glg ;ﬁ %zz ;Z; By, oL L L. (114)
(F) Ly, = iy, = > 12k=1L 2k=1} (3m, 2s‘ljﬂszs-2u§. ... (115)

s=1 {2k—1, 2s—1} ($m, 2k—1]

(iv.) It has been pointed out in §11 (iv.) that the differences of order j all have
the same improved value. It follows that (112)-(115) are particular cases of
(111), expressed in terms of central differences; the proper values being taken for
m and for j, and u, being altered to u_, for (112) and (118) and to u_,,, for (114) and
(115). We can verify this by expressing the E's in terms of the differences of
order 5. For (A) we have

Atuy = {(1+A)=1}~ Ay = Nu,_;—(s—7, 1) Au,_;_+....
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Substituting in (111), and rearranging the terms, it will be found that the coefficient
of Alu, is
(27+1,5) (m, g +7r+1)

(7+79) @7+ i1.7) (m j+1)F{——m+j+r+ Lj+r+1;1, 2j+r{r2}
that = (j+r,5) (m—r—1,5)/(m, 25 +17;
80 a
(A) B =% Gan)P=r=bD a0 . (116)
’ r=0 (m, 27 +1]

Similarly from (112)—(115)

=2k (n4k+r, 2k) (n+k—r, 2k)

(B) Eyu =T=_2Wc (m. 4h 3 1] D € 8 14
© L. =,.j§;k(n+k+r, 2Ic-2;), (Z;ctkl-]-w—l, 27‘:_1)(32"“"&&_7_3+32"“%+§), . (118)
D) E.., 27"‘:%;‘; (n+k+r—1, 27(0”-;-,1216(?-;—]70—7'—1, 2k—1) Sty (119)
E) T, ___"=§“"(n+k+aﬂ—1, 2k—2) (n+k—r—2, 2k—2) (8%=2_, +8%2,). . (120)

=0 (m, 4k—3]

The identity of (117)-(120) with (116), the u’s being altered as explained above, is
easily verified.

~ (v.) The formula of progression (77) takes simple forms if we attach the factors
involving m to the &'s ; for m then disappears from the formula.

(A) Writing
A= (m, t+1) B, = (m, t+1) (A,),,

go that, in effect, we take J; to be (m, f+1) Au, (77) gives

(A) (m,f+1)Afvo=Z§j(—>t—f(t,f)§£'téL';QAt. L. (121)

(2t,t~1)
For 5 = 8, for instance, we should have

(m, )vy = A,—A4,+%4,—1 4, ]

(m’ 2) Av, = A,—3%A4,+ 84, L
(m, 3) A2IUO = Az—zAa ! ’
(m, 4) A%, = A, J

where 4, is the value of (m, 1), for j = 0, 4, is the value of (m, 2) Av, for j = 1,
and so on. This may be verified by § 5 (i.)-(iil.) of “ Fitting.”
(B) (C) Writing
Py=[3m, 2t4+1) By, Qo= (3m, 2t] Ly,
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we have v )

(B) [Am, 2f+1) &v, = ?( )tf{fztt 22{ ; P,, . (122)
(C) (bm, 2] ud=10, = E'(—)*—f{%’“l’ 2f“l}()%_l. ... . (128)

{2t—1, 2t—1}

The first of these ‘has been given, for f= 0, in “Reduction,” § 15 (v.), p. 362 the
notation of P, differing, however, in a factor $m

(D) (E) Writing
P?t—l = [%m’ 2t) E?t—-l) QQt——Z = (%ﬂnﬂ 2t- 1} I2t——2a

we have ‘
) t=1Fk * 1
. 1 21y, = 2 N—f {2t—~l, Z.f_lf
(D) [3m, 2f) ¢ % 2 ey e - - (129)
. . ) t=rk
1 of. -2y — _s12t—2,2f-2}
(E) (Fm, 2f—1] ud¥"v, E‘,f( ) {2t~2 212 Qun. - . . . (125)

(vi.) The A’s are obtained from the E's by means of (IV.) of §6; e.g., for advancing
differences, m.s.e. of E; = m.p.e. of E; and A/, We can use either the values of
the E’s given by (111)-(115) or those given by (116)—(120); for the former we
require the m.pp.e. given in (86), (87), (89), (90), (92), and for the latter the value
of the m.p.e. of two differences of order f as given in §20 (x.). Using the former
method, we get the following results :—

(s+5,9)

e (27 +1,5) (m, s+1)
(A) A; = Ej (=)= (s, 7>(s—iy+ljj)(m .911)

= (23',3’)F{—m+j+1, 29 +1; 1,27+2}
= (29,79) (m—j—1) 1 (27 +1) ! [(m+7)!

=(27,9)f(m, 25 +1]; . . . . . . . . . . . . . . . (126)
A =St y-r 12641, 2541} [$m, 25+1)
(B) w= 2 () T as i 1} [ ok 1) 25T 2h sh)
= (4k, 2k) F'{—n+k, n+k+1,2k+%; 1, 2k+1, 2k+3}
| = (4k, 2k)[(m, 4k+17;. . . . . . . . . . . . . . . (127)
| _ 5™ vei {2k, 2k} (3m, 25] (2s+2k—2, s+E—1) |
©) My “Ek( ) {2k, 25} (3m, 2k] %5+ 2k
= (4k—2, 2k—1)[(4k) . F {—n+k,n+k+1,2k—%; 1,2k+1, 2k+4}
= (4k-2, 2k—1)/(m, 4k—1]; . . . . . . . . . . . . (128)

A Sy (2R 2R [Bm,28) o o o
(D) wa = 2 (=) Gk as) [%m,zk)(%”k 2, 5+k—1)

= (4k—2, 2b—1) F'{—n-+k ntk 2k—%; 1,2k 2k+3} |
= (4k—2, 2k—1)[(m, 4k—1]; . . . . . . . . . . . . (129)
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(B) M, _sgl(_‘)ﬁﬂk{%—1,2}c—-1}(%m, 2s—17(2s+2k—4,5+k—2)
2k-—-2 T

5=k {2k—1, 2s—1} (3m, 2k—1] 2s+2k—2
= (4k—4, 2k--2)[(4k—2) . F {—n+k, n+k, 2k—%; 1, 2k, 2k—%}
= (4k—4, 2k—2)[(m, 4k—3]. . . . . . . . . . . . . (180)

It would, of course, in view of the identity of the E’s as stated in (iv.) above, have
been sufficient to obtain (126) and deduce (127)-(180) from it.

(vii.) The A’s having been found, the \’s, i.e., the m.pp.e. of the improved values of
Alu, and A%y, ete., are obtained by (80). The 6's and ¢’s being as in (ii.) above,

(A) | xf'g=tz;qefteg,(2t t)f(m, 2¢+17, . . . . . . . . (181)
(B) ' >\2,,2g=tiif’kgezf,ue%‘%(zlt, at)f(m, at+1], . . . . . . . (182)
(©) s = 2 ety (2, 2= 0fn, 4-1), L (139)
(D) | x“"l"’”“:t?f.kg Our o1 Oy rars (48—2, 2—1)(m, 46—17, . . . (134)
(E)‘ ugf_z,zg_2=ti§;g bapsots Prg_s ms (46—4, 260—2)[(m, 4¢—8]. . . (185)

To find the m.s.e. of the improved value of any le. of the differences, or the m.p.e. of
two such Lee., we apply (IL) of §6, as in §19 (ii.). Thus, for m = 2n+1,

m.p.e. of by, +b,udv,+b.0%0,+ ... +b,8", and cyvy+ ciudv,+cad™,+ ... +eyd™u,
t=k g=1
tzo{ 'b,,0,, }{ s ozgezg_%} (48, 2)/(m, 4£+1]
= =0 i

t=k (f g=1 ) )
t 1{[2 bzf_1¢zf—1 2% 1}{ 21 C2g-1¢’2g——1,2t—1}(4t—.27 26—'1)/('”": 4t_1]'
,(]=

(viil.) The A\’s having been found, the ¢'s are then gbiven in terms of the o’s by (40).
Using the expressions for the o’s given in (26) and (31)~(35), we get the following :—

(A) A, = % SRy L (136)

= {% — )N, 2, Zu,H::, .. . . . (1364)
(B) | | oy, = { %k Ng f,op o004 autH:im; e .. (137)
(O) ' | ud "1y, = { % Mx;!f—l % 10y 5 O'Ut}]:zm; e s (138)
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D 21y, = | I ——gik)\ 29,, . =i ‘
( ) ¢ Uy = . 2f—1,29—1M0 Uz 5 U 2 AL (139)
g= = —3m
_f9=k e =3m
(E) ud¥ =%y = [L{ga Mafs,3 200 " Uy ; aut+%}]t=~m. .o (140)

The expression in (136) differs slightly from that given for A, in * Fitting,” (15) and
§5; see Appendix IIL

(ix.) Finally, we want to express the ¢'s in terms of the #’s. Thisis done by means of
the general theorem in § 10 (iil.), that the coefficients of the ¢’s in any e are related

to the m.pp.e. of this ¢ and the ¢'s in the same way that the v’s are related to the ¢'s.
Thus we find that—

(A) If A, = 1%7: p,u,, then p, = ZE;JZ PNy - o o .. (141)
(B) If %y, = :}Zl P, then p, = E)Z: (7 20) Napags - - . . . (142)
(©) 1f -, = 'E pan, then p, = “’z () 20— pagrgynse - . (143)
(D) If &y, = ) :%ilprur, then p, = Z%I: [r—%, 29—1) 7\21._1’7,29_1 ;. (144)
(E) If ud %, = r: iZ:H Py, then p, = :%I: (r—%, 29—2) pasos,59- - . (145)

For a comparison of these formulee with those given in * Fitting,” see
Appendix TV.

22. Extent of Improvement (Central Differences).—A question of practical
importance is the extent to which the use of these formule actually reduces the
m.s.e. of some selected quantity, such as, for the cases marked (B), u, or é*u, The
m.ss.e. of the various improved values are found from (131)-(135), by putting g = f.
Comparing these with the m.ss.e. of the original values, for the central-difference
formulee (which are the important ones for practical use), we obtain the following :—

(B) Mse. of vy _ 1 5 7f{2t, 21} [Em, 2t+1)}2 (4¢, 2¢)
m.s.e. of &, (4f, 2f) i=s L{2¢, 2t} [m, 2f +1)) (m, 4¢+1]
_ 1 tSk 4t +1 {{Qt, 2f - }9
(m, 4f+1] = 4f+ 1 {2, 2f

{m*— (2f+1)%} {m*— (2f+8)} ... {m’=(2—=1)*}
{m*—(2f+2)} {m’— (2f+ 4} ... {m*— (2"} °

(146)
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() mse. of udtv, _ 4f Sk {{2t—1,2f—1} (3m, 2t]}9 (4t—2, 2t—1)
m.s.e of udu, (4f—2, 2f—1)=; {2t—1, 2t—1} (dm, 2f ) (m, 4t—1]

_ 4f E’»‘ 4t—1 {{%—1, 2f—1}1*
~(m, 4f—1]:=;4f—1 {2f-1,2/—1},
{m2—(2f+ 1)} {m’— (2f+8)} ... {m*— (21"}
T (7P} = (of 19 . G- e—zpy © 4T
s.e. of &1y 1 tok ({2t—1, 2f—1} [3m, 2¢)\2 (46—2, 2t—1)
(D) 2:: gf&‘f-luiz(zif—z, 2f—1)t};f{{2t—1, 2t—1} [dm, 2f)} (m, 4t—1]
_ 1 Sk ar—1 {{Zt—l, 2f—1}}’
T (m, 4f—1]:/=74f—-1 {2f-1,2/-1}
{mi— (2fF} {m*— (2 +2)°} ... {m*=(@0—2F} . ()0
= @+ 1)} {m— (2f+8)} ... {m = (2e~1]}’
m.s.e. of ud®~%, _ 4f—2 2k ({2t—2, 2f—2} (m, 2t—1]\* (4¢—4, 2t—2)
(F) m:e gf,ljszf—mi_(zif—z;, 2f—2) Ef{{%—-z, 2t—2} ($m, 2f—1]} (m, 4t—38]
__4f-2 5ha-3 {{2t—2, zf—z}}i’ '
B (m, 4f—381:=r4f—-3 1{2f—2, 2f—2})

(= (f '} {m*— (2F 42} o o= (=21} (149
T — (2= U} {m— (2f+ 1)) . (o= (2~ 3}

23. Smoothing.—When we have.a table containing a very large number of u’s, a
common method of procedure is to use a formula involving a limited number of terms
and to apply it to successive sets of the w's for the purpose of obtaining a table to be
substituted for the original table. Thus we might use a formula involving 2n+1
terms, and apply it to w,, u,, u,, ... u,, for finding a new value w,, then to u,, u,, us, ...
Ugy41 for finding a new value w,,,, and so on. These values having been obtained, a
differenced table would be formed ; but, as by hypothesis the true differences of order
exceeding j are negligible, the table would only go up to differences of order . There
are two cases to be considered.

(i.) If our object is to obtain as accurate values as possible for the w's, consistently
with our using only the specified number of u’s for each, the most accurate values
would be the v’s given by the formulse considered in this and the preceding papers.
It should, however, be observed that the differences of the w’s are not the same as the
AZv,, 8%u,, ete., occurring in those formule. Suppose, for instance, that we replace u,
by its improved value v, obtained by means of the (B) formula involving u_,, %_,,1,

.., and replace w, by the improved value v, obtained in a similar way. The
resulting value of v, —wv, will involve the 2n+2 u’s from u_, to u,,,; but it will not be
the same thing as the improved value v; obtained by the (D) formula involving these
u’s, and its m.s.e. will therefore be greater than that of the latter.

(ii.) If our object is to obtain a smooth table of the w’s as a whole, we could do this

by obtaining as accurate values as possible for the differences of the w’s of order j.
VOL. CCXXL—A. 2 K
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The formula which would have to be applied to the u’s in order to obtain this result
can be constructed without difficulty. The important thing to notice is that, if we
alter the differences of the u’s and then obtain the w’s from the altered differences by
summation, the resulting values must be such as can be legitimately substituted for
the w’s. Suppose, for instance, that ) = 2k+1, and that we use 2n+1 ws for each w.
The formula for w will have to be of the form

Wy = U+ Copy 207 Uy + Copy 07000+ oo+ Con0™
and this will give

0%y = BNt Cop 20Ut Cop 10T Uy Ly 0T Ny,

The problem of determining the ¢’s so that the m.s.e. of §*+lw, shall be a minimum
is the same as that of determining the coefficients in the improved value of ¢*+!
j'=4k+1 or 4k+2, m being 2n+2k+2; and the solution of this problem is given in
§21. Thus, in terms of sums, (189) gives

uy for

t=n+k+1

2Vk ) g=2k+1 g
PFrrlopy = [L {— 2 Ngyr,zg1t0 Uy ”ut+é}

g=1 t= —(n+k+1)

#The N's having been found, we shall then have, by summation,

g=2k+1 g Tkal er2 t=n+k+l
— +2k4 . +
'M)O = L - 2 A?k-&-l. 2g__1,ll.0' 9 /MD s O ?/(/‘ .
g=1 t=—(ntk+1)

The ratio of the m.s.e. of 8%+, to that of §**, is given by (148).

ApPENDIX L. —THE CORRELATION-DETERMINANT.

1. The m.p.e. of 4 and B being denoted by (4 ; B), let

0=| (4;4)(4;B)(4;0). ..
(B;4) (B;B) (B;0C) ...
(C;4) (¢;B) (C;:0) ...

We call this the correlation-determinant of A, B, C, ....

2. The elements of this determinant may be regarded as obtained as follows. We
first take a representative collection of N, values of the error of 4 ; N, being usually
indefinitely great. Then, for each of these values, we take a representative collection
of N values of the error of B; the resulting N, collections will all be alike if the
errors of A .and of B are independent, but not if they are correlated. This gives:
NN, combinations of an error of 4 and an error of B. For each of these we take
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a representative collection of N, values of the error.of C'; and so on. Thus finally
we shall have N = N, N N, ... combinations of an error of 4, an error of B, &ec.
'Numbering these 1, 2,... N, and denoting the errors of 4, of B, of C,... by
a, b, ¢, ..., the combinations will be a,, by, ¢y, ..., @y, by, Cgy oevy «nn iy, by, Cy, ... ; and
we shall have

(4; 4) = (a2 +a2+al+... +a?)/N,

(A ; B) = (“1bl+“2bz+a3ba+ +aNbN)/N>

&e.

- 8. Substituting these values in O, we find that, if’ there are m of thte quantities
A4, B, C ...,

N"O =| a’+al+ai+... b+ Wbyt byt ... aiC Ayt acs+ ... &e.
b+ abytah, ... DE4+b24+b2+ ... biei+bycs+bycy+ ... &e.
MO+ Ayt asCs+ ... Do+ b+ bacy+... ol el e+ &e.

= (@bsey... ) + (aibyey... P + (abaey... ) + (ahyes.. P + ..,

where (a,0,c5...) denotes | a,a,a,... |. Hence © is not = 0 unless each of the
b, b,b,...

010203 cee

determinants (abe...) is = 0. This would be the case, for instance, if 4 were a
constant; so that every @ would be 0, or if there were a linear relation connecting
the errors of 4, B, C, ....

4. Let @ be the correlation-determinant of A4, B, ... P, @, ..., and ¥ that of
4, B, ... P. ,

(@) Suppose that ¥ = 0. Then, by § 8 of this Appendix, each of the determinants
(ab ... p), where @, b, ... p are the errors of A, B, ... P,is 0. But these are the
minors of the ¢’s in the determinants (ab ... pq); and therefore these latter
determinants are 0. Proceeding in this way, we see that the determinants
(ab...pg...) are all 0; and therefore ® = 0.

(0) Hence, if @ is not = 0, ¥ is not = 0.

ArpenDIx II.—FRrEQUENCY OF CORRELATED ERRORS.

1. Let u,, wy, s, ... u, and yy, 91, ¥, y, be two conjugate sets. Denote the errors
of the w's by 6,, 6;, 6,, ... 6,; and let the resulting errors of the y's be ¢, ¢1, ¢u ... ¢1.
2 K 2
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Then, on the assumption of normal correlation of errors, the frequency of joint
occurrence of these s is proportional to

exp—3P,
where P is a homogeneous quadratic function of the ¢'s. We want to prove that

(i.) the ¢'s are the partial differential coeflicients of 4§ with regard to the 6's,
and conversely ; ‘

(i) P = Oypo+ 011+ 0spot ... +0i¢p;;

1) P = by 02+ 201000, + 1 107 + ...+, 0% where 1, 18 the m.p.e. of y,and
\ , J.9 !
¥, ; and similarly

(iv.) P = my o+ 2, 1popr + 111" + - + 77, 1 where 7y is the m.p.e of u, and w,

2. Suppose that
P = Ay, 0902 + 20,1000, + aty, 1612+ et ay, 07

and let us, without making any assumption of conjugacy, write (f =0, 1, 2, ...J)

Yy = Qg gUg+ Cp 1 Uy + A gl oo+ Uy,
¢ = error of ¥, ;
= 0y, o0y + Op, 101+ g 205+ ..+ 0y 10,
= 3d.P[de,.
Then, writing the subscripts in the order f, 0, 1, 2, ... [,
P = aﬁf6f2+Zaf‘oeféo—l-ao,oeoz-}— ety 0
= ¢7fas s+ Qs

where @ does not contain 6.
3. The mean value of ¢,0, is N, /D, where

N, =[] [o,exp—1P . do,de, o, ... do,
D=([]... [exp—1P. ds,ds, do, ... o,

the integration being in each case from — to . If we write

1# = ¢f/\/af,fa
then

Ng = ”j ng exp—3y’. exp—4Q . dy- db, db, ... db,.
(@) First, suppose that ¢ is not = f. Then, integrating with regard to +,
N, =0.

g
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(b) Next, suppose that g = f. Then
N, = 1ay,. UJ j¢f'(¢f—af,000—af, 10— ... —ay,0,) exp—%P . dO,d6, db, ... do,
= 1oz [|[ - [o7 exp—1P. b, do, de,...de,
by (@). Hence
N, =1/ ay;. m W exp—iy’ . exp—3Q . dy d6,de, ... db,

=/ (2afay,). | jexp-%Q .0, de, ... b,
Also '

D =1/\/a,. HJ jexp—%&/f” . exp—£Q . dy- d6, d6, d6,

=/ 2fa;) . “‘exp——%Q .db,de, ... d6,

NJD =1.

Hence

4, Hence the y/s are related to the «’s in such a way that

m.p.e. of y;and u, = 0 (g=f) or 1(g =f);

and therefore the u’s and the ’s are conjugate sets ; which proves (i.). It follows

that
ay,, = m.p.e. of y,and y,.

This proves (ii.); and (iv.) is the similar result which we should have obtained by
expressing P in terms of the ¢’s. Also
P = a4y, 0,7+ 201,100, + 10, + ...+, 0/
= 0, (cto, 000+ t,101 + o, 05+ - + g, 16;)

+6; (1,000 + @110, + @1, 505+ ... +0y,,6;)

+... .
+0; (0,000 + @ 101+ @y 05+ ... + a1y, ,0)
= Gopo+Ougpr + Ospat .. +Ouh

which proves (il.).
ApPPENDIX IIT.—IMPROVED ADVANCING DIFFERENCES IN TERMS OF SUMS.

The expression for Av, given by (186) differs from that given in (15) and §5 of
“Fitting,” in that it involves X"u, ="u,, X", ..., instead of ="uy, Z"uy, X"y, ... .
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The new expressions are more convenient for calculation and for tabulation, since the
coefficients are rather smaller and are symmetrically placed about a diagonal. For
J = 2, m = 18, for instance, the formule given by “ Fitting,” §5 (ii.), are

1001v, = +6938,—198S,+ 228,
1001A%, = +85S5,—158,+2S;,
where S, = X'u,, S, = 2", S;=3"%, If we write I, =2y, I,= 3",
2, = 3, these become (by (136), or by writing S =2, S, =3 +3,

Sy = Z,4+22,+3,)
1001y, = + 5173, — 1543, + 223,

IOO].AQ)O - - 1 54:21 + 6622_‘ 1 123,
1001A21)0 = + 2221_ 1 122+ 223.
The symmetry of the coefficients is due to the fact that

. , .
co. "7y in Ay = Ny, = A, ;= co. 2y, in A%,

For any particular value of m there will be only 4 (j+1) (5+2) coefficients to be
tabulated, instead of (j+1)2

AprreNDIX IV.—FORMULA IN TERMS OF 'S.

(i) Formule for A%, &c., in terms of the u’s have already been given in (15a),
(21), (22), (29), and (28) of ““ Fitting ”; and the results in (141)-(145) of the present
paper can be checked by comparing the different expressions for the coeflicients of the
w’s.  We should require to use the following identities :—

(r+h, h) = (r, 0) (h, 0)+(r, 1) (b, 1)+(r, 2) (h, 2)+ ...,
(r, 2] = (0, 2h]+[r, 2) (0, 2h—2]+[r, 4) (0, 2h—4]+ ...,

[, 2h—1) = (r, 1] [+4, 25—2)+(», 8] [ 13, 2h—4)+(r, 5] [£4, 2h—6)+ ...,
(r—%, 2h—1] = [r—%, 1) (0, 2h—2]+[r~4%, 3) (0, 2h—4]+[r—%, 5) (0, 2h—6]+ ...,
[r—%, 2h—2) = [+§, 2h—2)+(r—%, 2] [£4, 2h—4)+(r—%, 4] [£4, 2h—6)+ ....

(ii.) Taking, for instance, the formula for §*/v, when m = 2n+1, (21) of “ Fitting ”

gives (replacing ¢ by f)

(i 12 L 2F 1 ISE (1) (heb L) {2k 1, 241 (r, 20]
(2 = (=) gm [Em, 2f+1) ,Z‘o( S+h+% (3m, 2h+1] '
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Hence we find that

‘(pr)%—' (Por—z = (= )% m (2k+%) ['27{2_]92‘%{}1) h o ( y {2(];:)7?,}?/ ;}5:—’ 12:]h] g

(P = (=)3m tgk (2t+§) M ( Y {2¢t, 2h} (r, 2h] .

2f+1)h 0 (3m, 2h+1]

and therefore

e = (<) T () 2 B BB

where .
0 =F{—t+g, g+t+% %; 1, —dm+g+1, Im+g+1}

_ (3m, 29+1] [3m, 2t+1)
~ (3m, 2t+1] [$m, 29+1)

This expression for (8%p,),; will be found to be equal to Ay, as given by (132) of the
present paper, so that the formula in “ Fitting ” agrees with (142).
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